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The extended oloid and its inscribed quadrics 


Uwe Basel and Hans Dirnbock 


Abstract 


The oloid is the convex hull of two circles with equal radius in perpen¬ 
dicular planes so that the center of each circle lies on the other circle. 

It is part of a developable surface which we call extended oloid. We 
determine the tangential system of all inscribed quadrics Q\ of the 
extended oloid O where A is the system parameter. From this result 
we conclude parameter equations of the touching curve Cx between 
O and Q\, the edge of regression TZ of O, and the asymptotes of TZ. 
Properties of the curves C\ are investigated, including the case that 
A —>■ ±oo. The self-polar tetrahedron of the tangential system Qx is 
obtained. The common generating lines of O and any ruled surface 
Qx are determined. Furthermore, we derive the curves which are the 
images of Cx and TZ when O is developed onto the plane. 

Mathematics Subject Classification: 51N05, 53A05 

Keywords: oloid, extended oloid, developable, tangential system of 
quadrics, touching curve, edge of regression, self-polar tetrahedron, 
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1 Introduction 

The oloid was discovered by Paul Schatz in 1929. It is the convex hull of 
two circles with equal radius r in perpendicular planes so that the center of 
each circle lies on the other circle. The oloid has the remarkable properties 
that it develops its entire surface while rolling, and its surface area is equal 
to dvrr^. The surface of the oloid is part of a developable surface. la, m 
In the following this developable surface is called extended oloid. Ac¬ 
cording to [21 pp. 105-106], with r = 1 the circles can be defined by 



In this case we denote the extended oloid by O (see Fig. . 

Now we introduce homogeneous coordinates xo,xi,X 2 ,X 3 with 


X = — 



Xo 
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Fig. 1: The extended oloid O, the circles kA, ks (dashed lines), and the 
edge of regression TZ (solid lines) in the box —2.5 < x,y,z < 2.5 


Then the real projective space is given by 

P3(M) = {[xo,Xi,X2,X3] I {xo,Xi,X2,X3) £ \ {0}} , 

where [xq, xi, X2, X3] = [yo,yi,y 2 ,y 3 ] if there exist a // £ M \ {0} such that 
Xj = yyj for j = 1,2,3. Should it prove necessary, complex coordinates will 
be used instead of the real ones. For the description of the corresponding 
projective circles ICa and K,b to kA and ks, respectively, we write 

Ka := {[xo,xi,X2,X3] £ P3(K) I ^a{xo,xi,X 2 ,xz) = 0 Ax3 = 0 } , 

kC-B ■= {[xo,Xi,X 2 ,X 3] £ P3(M) I ^pB{xo,Xl,X 2 ,X 3 ) = 0 A Xi = O} 

with 

(Pa{xo, XI,X2, X 3 ) = 3xo - 4X0X2 - 4xi - 4x1, 

(pBixQ, Xi, X2, X3) = 3Xo + 4X0X2 - 4X2 - 4x|. 

2 Inscribed quadrics 

Lemma 1. The dual figures to JCa and Kb are 

Ka= {[i^O)'Wi,ri2) 1 * 3 ] £ IP3(M) I 4tig — 4tioM2 — 4^^ — 3^2 = 0 } o-nd 

= {[uo,Ui,U2,U3] £ P3(M) I 4tto + 4'UoM2 “ 3^2 “ 4^1 = O} , 
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respectively, where uo,ui,U 2 ,U 3 are homogeneous plane-coordinates. )Ca and 
JCb are elliptic cylinders. Their respective non homogeneous equations are 



= 1 A —oo < w < oo, 


and 


—oo < u < oo A 



Proof. Following O pp. 41-42], [H pp. 160, 164-165], we determine )Ca- 
With 

iG{0,1,2,3}, 

UXi 

we get 


fiuo = 6 x 0 — 4 x 2 , t^ui = — 8 xi, ijlu 2 = — 4 x 0 — 8 x 2 , /rMs = 0 . 


Solving this system of linear equations for xo, xi, X 2 delivers 


xo = h 




X 2 = h 



So we get 

0 = uqxo + uixi -I- U2X2 + U3X3 = -^ h ( 4 tio - 4 :UoU 2 - ^u\ - 3^2) ; 
hence 


ICa := {['Uo, ui,U2,U3] G P3(M) | dug - 4noW2 - - 3^2 = O} . 

Analogously, one finds ICb from ICb. With uo = 1, ui = u, U 2 = v, U 3 = w, 
the non homogeneous polynomials for ICa and ICb follow immediately. □ 

Remark 1. The equations 4 mq — 4 noU2 — 4uf — 3^2 = 0 and 4 uq -|- 4uoU2 — 
3m| — 4u| = 0 of ICa and K.b , respectively, were already given in m p- 115]. 

Theorem 1. The inscribed quadrics of the extended oloid O are given by 
Qx = {{x,y,z) G I fx{x,y,z) = 0} 


with 


fx{x,y,z) 


x‘^ + ^ 

1-A 1 -A + A2 A 
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Proof. For abbreviation we put 

Fo(n) := 4 uq — 4rioU2 — 4u^ — , Fiiu) := Auq + 4riott2 — 3^2 — 4ti| 

with u := [uq, ui, U 2 , ris]. Then 

-Fa := {u G PsW | Fx{u) = 0} 


with 

Fx{u) := (l-A)Fo(i2) + AFi(ix) 

defines a tangential system of quadrics in plane-coordinates (cp. [HI p. 253]). 
Now we shall determine the point-coordinate representation F\ of F\. Due 
to duality (see [U p. 163]) we have 


axj = 


dFxju) 

duj 


n ,^dFo{u) , ^dFi{u) 


j =0,1,2,3. 


The calculation of the partial derivatives yields 


axo = (1 - A)( 8 uo - 4 tt 2 ) -I- A( 8 uo -I- 4 ^ 2 ) = 8 mo + 4(2A - 1 )m 2 , 

axi = —8(1 — A)mi , 

ax 2 = (1 - A)(-4uo - 6 U 2 ) -I- A(4rio - 6 ^ 2 ) = 4(2A - l)tto - 6 tt 2 , 
ax3 = — 8 Xu3 . 


Solving this system of linear equations for uq, • • •, rts delivers 

3xo — 2(1 — 2 A)x2 xi 


no = cr 


U2 = -a ■ 


32(1-A + A2) ’ 

(1 - 2A)a:o -|- 2x2 


ui = —cr 


16(1-A + A2) ’ '^8A 


8(1-A)’ 
X 3 


So we find 
3 


a 


0 = X] 

1=0 


4xf 4 [xl + (1 - 2A)a:oX2) - Sxq 4x| 
32 \ 1^ 1 - A A2 ^ 


a / xt 


8 \ 1 - A 




(x2-b (^ - A) Xo)^ X 


1 - A + A2 


+ y-^o , 


and therefore 


•^A = {[xo,Xi,X2,X3] G ^ 3 ( 1 ^) I f\ixo,Xi,X2,X3) = O} 


with 


/a(xo,Xi,X2,X3) 


Xl (x2 + (4 - A) Xq)^ 
1 - A 1 - A + A2 




( 1 ) 
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Finally, we write the representation of J-\ in non homogeneous coordinates 
X, y, z with xq = 1, xi = x, X 2 = y, x^ = z as 


Qx = {{x,y,z) G I fx{x,y,z) = 0} , 


where 


fx{x,y,z) 


1-A 1-A + A2 A 


□ 


Now we classify the quadrics Qx with real parameter A in Euclidean space. 
We start with the case that A tends to ±oo. One finds 


lim fx{x,y,z) = 0. 
A—>-±00 


So we consider A • fx instead of fx and find 


. J .2 „2 2 

lim A •-- = lim , lim A • — = , 

A— ^-dlCxD 1 — A A— ^-dlCxD ^ — 1 A— ^-dlCxD A 


lim A • 

A—^icxD 


/(y^A^_ \ 

1-A + A2 y 


lim 
A—^icxD 


X{y^ + y-l)-2X^y 
1 - A + A2 


lim 

A—oo 


i 

A 


{y^ + y 

j_ 

A2 


A + 1 


-2y; 


hence 

lim A/A(x,y, 2 ;) =-x^ + z^-2y. 

A—>-±oo 

In order to abbreviate notation we put := 11 — A|, 6^ := 1 — A + A^ > 0 for 
every A G M, c2 ;= |A|. So we have the quadrics Qx in the following table; 


A = —oo 

x^ — + 2y = 0 

Hyperbolic paraboloid 

M 9 A < 0 

x2 (y-X + xf ^2 

a2 ^62 c2 

Hyperboloid of one sheet 

A = 0 

x^ + (y + 2 )^ = 1 X z = 0 

Circle 

0 < A < 1 

x\ {y-x + ^f z^ 

62 ^ c2 

Ellipsoid 

A = 1 

(y — 2 )^ + 2 :^ = 1Ax = 0 

Circle ks 

M 9 A > 1 

(y-A + i)^ ^2 x2 

62 ^ c2 a2 

Hyperboloid of one sheet 

A = oo 

x^ - 2:2 + 2y = 0 

Hyperbolic paraboloid 
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A point of the circle kA is given by 

A = (ai(t),a2(t),a3(t)) 

with ^ 

ai(t)=sint, a 2 {t) =— cost, a 3 {t) = 0 . 

There are two points Bi, B 2 of the circle ks which have common generating 
lines ABi and AB 2 , respectively, with A\ 

Bi = {/3i{t),(32{t),l33{t)) , B 2 = {l3i{t),P2{t),-/33{t)) , 


where 


/3i{t) = 0, I32{t) 


1 

2 


cost 

1 + cos t ’ 


Mt) 


Vl + 2 cos t 
1 + cos t 


(see [21 pp. 106-107]). Hence, for fixed t G [—27r/3, 27r/3], parametric func¬ 
tions of a line ABi are 


t) := (1 — m)ai{t) -I- mj3i{t) , m G M , i = 1, 2,3 . 


One finds 


t) = {1 — m) sint, 

2(m — 1) cos^ t + (2m — 3) cos t + 2m — 1 


uj2{m,t) = 


2(1 -|- cost) 


uj3{m,t) = 


m Vl + 2 cost 
1 -|- cos t 


It follows that 


( 2 ) 


1 ) X = uji{m,t), y = 0 J 2 {m,t), z = i 03 {m,t), 

2) X = LOi{m,t), y = 0 J 2 {m,t), z = -C 03 {m,t), 


t G 


27r 27r 

Y’ Y 


m G M , 


are the parametric equations of all generating lines of O, hence a parametri- 
sation of O. The restriction of the parameter m to the interval [0,1] yields 
the oloid in the narrow sense as the convex hull of k^ and ks- 
In the following, we need the intervals 


27r 27r 

~Y’ Y 


h ■■= 



and the planes 


A := {{x, y, z) G I X = 0} , T := {(x, y, z) G | y = 0} , 

Z := {(x, y, z) G I z = 0} . 


( 3 ) 
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Corollary 1. For fixed value 0 /A G M, a parametrization of the touching 
curve C\ between O and Qx is given by 


7(A, •) : IiU I 2 —y , t I—>■ 'y{X, t) 


7i(A,t) if t£li, 
72(A,t) if teh, 


with 


72(A,t) 


{Kl{X,t), K2{X,t), K3{X,t)), 



where 


Kl{X,t) 

K3{X,t) 


(1 — A) sint 
1 + A cos t ’ 


K2{Xfi) 


X \/l + 2 cos t 
1 + A cos t 


2A — 1 + (A — 2) cost 
2(1 + A cost) 


Proof. For fixed value of t the generating line 

Ct := {(x, y, z) G I X = uji(m, t), y = 0 J 2 {m, t), z = 003 ( 171 , t); m G M} 

of O is tangent to Qx for one value rh of m. As double solution of the 
equation 

fx{oJi{m,t),uj 2 {m,t),uj 3 {m,t)) = 0 


one finds 


It follows that 
ooi(fi{X,t),t) 

003 (fi{X,t),t) 


m = fiiX, t) 


A(1 + cost) 
1 + A cos t 


(1 — A) sint 
1 + A cos t ’ 


Ul2{lp{X,t),t) 


X a/1 + 2 cos t 
1 + A cos t 


2A — 1 + (A — 2) cost 
2(1 + A cost) 


We put Kj(X,t) := ooj('ip{X,t),t), j = 1,2,3. This yields 
7i(A,t) := (Ki(A,t), K2(A,t), K3(A,t)) 

as contact point of Ct and Qx for all lines Ct with t G Ii. Due to the 
symmetry of O with respect to the plane Z, we have 

72(A,t) := (ki(A, ^ -t), K2(A, ^ -t), -K3(A, ^ - t)) 

if t G I 2 . Obviously, 

72(A,27r/3) = 7 i(A, 27r/3) and 72 (A, 27r) = 7 i(A,-27r/3) 
for every A G M. □ 
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Examples with inscribed quadric and touching curves are shown in Fig. 
and Fig. 


Remark 2. In the special case A = 1/2 one gets the equations 


sint 


3 cost 


X = 


y = 


2 +cost’ ^ 2(2 +cost) 

of the inscribed ellipsoid in [H p. 115, Eq. (27)]. 


z = ± 


\/l + 2 cos t 


2 + cos t 


3 Properties of the touching curves C 


A 


Since fx{-x,y,z) = fx{x,y,z) and fx{x,y,-z) = fx{x,y,z), every quadric 
Qx is symmetric with respect to X and Z. The extended oloid O is sym¬ 
metric with respect to these planes, too. It follows that all touching curves 
Cx are symmetric with respect to X and Z. We denote by Xi, X 2 the 
intersection points of Cx and X, and by Zi, Z 2 those of Cx and Z, and find 

3(1-A) \/3A\ 


Xi = Xi(A)=7(A,0)= 0, - 


2(1 +A)’ 1 + A r 




3A 


X 2 = X 2 (A) = 7 ( A, —j = lO, - 


dvr A 

Z2 = Z2(A)=7(A,27r)= ( - 


2 - A ’ 2(2 - A) 
3(1-A) v/3A 


, 0 


2(1 + A) 1 + A 
\/3(l-A) 3A 


(4) 


2-A ’ 2(2-A)’ r 

One easily hnds the parametrization 7a for the tangent of Cx in the point 
7 (A,t): 

{{x,y,z) G I X = ri(A,t,/i), y = T 2 {X,t,y), 
z = T3(A, t, /i);/i G M} if t G 7i, 


Txit) = 


{ix,y,z) G I X = ri(A, y),y = T 2 {X, y), 

z = -T 3 [X, y)] y gR} if t G h , 


(5) 


with 


Tj{X, t, fi) = Hj{X, t) + y kj{X, t ), kj = 


dKj{X, t) 


) / ~ 1) 2, 3 , 


where 


. , (1 — A)(A + cost) . , 

Kl{X,t) = -- , K2{X,t) = 


ksiXX) = 


(1 + Acost)2 
A[A(1 + cost) — 1] sint 
(1 + Acost)2 a/1 + 2cost 


dt 

(1 — A + A^) sint 
(1 + Acost)2 ’ 
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-1 


x 

0 



Fig. 2: Touching curves Cx, A = 0, 0.1, 0.2,..., 0.9, 1, and ellipsoid Qo.s in 
the box —1.5 <x,y,z< 1.5; C 0.3 with dashed line 



Fig. 3: Extended oloid O (left) and hyperboloid Q 4 (right) with touching 
curve C 4 (solid lines) and common generating lines ^j(4), j = 1 , 2 ,3,4, 
(dashed) in the box —4 < x,y, z < 4 
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We consider the function 1 + A cos t in the denominator of ki , ^2 , K 3 . It 
vanishes in the interval Ii for t = ± arccos(—1/A) if A G M \ (—1,2). (For 
A = —1, we have t = 0; and for A = 2, t = ±27r/3.) 1 + A cost has no 
zeros in Ji if A G (—1,2). Therefore, ki,K 2 ,K 3 are continuous functions 
if A G (—1,2); they are not continous if A G M \ (—1,2). So we have to 
distinguish the following cases: 

Case 1: —1 < A < 2 Since ki,K 2 , H 3 are continuous functions, and 

72 (A, 27r/3) = ^i(A) = 7 i(A, 27r/3), 72 (A, 27r) = Z 2 {X) = 7 i(A, -27r/3), 

the curve Cx is closed (see Fig. [^. As an example with A ^ [0,1], Fig. 
shows two projections of C_o, 87 - The projection of C_o .87 onto the plane X 
(thick line in the diagram on the left of Fig. is part of the left branch of 
the hyperbola with center point y = 29831/49938 ss 0.597, z = 0. 

Case 2: A G M \ [—1, 2] The parametrization 7 (A, t) of Cx has poles for 


ti = 


—arccos 



t 2 = arccos 



t3 


dvr / 1 

—-arccos ( — — 

O V 


ti 


dvr 

— + arccos 

O 



Therefore, it consists of four branches. We calculate the asymptotes of Cx 
in the poles. For t G Ii the tangent 7x{t) intersects X in the point with the 
coordinates 


y = K 2 (A, t) - 

Ki[A, t) 

z = K 3 (A, t) - 

ki(A, t) 


A — 2 + (2A — 1) cost 
2(A + cost) ’ 

A(1 + cost + cos^ t) 

(A + cos t) x/l + 2cost ’ 


and Z in 


(A — 1)(1 + cost + cos^ t) 
[A(l + cost) — 1] sint 

1 T A T (2 — A) cos t 
2[A(1 + cost) — 1] 


For t = ti one finds that the asymptote 7a (ti) intersects Z in the point 


{xi,yi,zi) 


/1 - A + A^ [ r 2 - 2A - A2 \ 

l^2 + A-A2 2A(A-2) ’ ’ 


and X in 


{xi,yi,zi) 


f 1-4A + A2 1-A + A2 r^\ 

\ ' 2(A2-1) ’ A2-1 Va-2 J ■ 
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Hence, a parametrization »4i(A) of the asymptote T\{ti) is 

Ali(A) = {(x,y, z) G I X = fi(A,zz), y = f 2 (A, z/), z = f 3 (A,zz); i/ g M} 
with 


f2{X,v) 


xi + v (xi - Xl) 


2/1 + v{yi- yi) 
zi + v {zi - Zl) 


- 2 + A-A2 A2 
_2-2A-A2 (i_a + A2)2 
“ 2A(A - 2) A(A - 2)(A2 - 1) 
1-A + A2 / A 
“ A2 - 1 V A^ ■ 


In order to abbreviate notation we write 


Ali(A) = {(fi(A,zz), f 2 {X,u), f 3 (A,z/)) I z/ G M}. 


The remaining asymptotes are 


t = t2: Al2(A) = {(-fi(A, z/), f2(A, z^), f3(A, zz)) | zz g M} , 

t = t3 : Al3(A) = {(-fi(A, z/), f2(A, zz), -f3(A, z/)) | zz G M} , 

t = t 4 : Al 4 (A) = {(fi(A, zz), f2(A,zz), -f3(A, zz)) | zz g M} . 


As an example, Fig. shows two projections of the touching curve C_i. 4 . 
The projection onto the plane T (thick line) is part of a hyperbola with 
center point y = 71/238 Ri 0.298, 2 ; = 0. 


Case 3: A = ±00 For 7 *(t) := limA->.±cxD 7 (A, t) one easily finds 


7 * : /lU/ 2 ^M^ t ^ 7 *(t) 


with 


7i(t) if tG/i, 
72 {t) if t G /2 , 


7i(0 = K 2 W, 



where 


K\{t) 


K*2{t) 


Kl{t) 


lim Ki{X,t) = — tan t , 

A—^ioo 


lirn K 2 (A,t) = - + 
A^±oo Z 


1 

cos t ’ 


lim K 3 (A,t) 
A—^ioo 


sjl + 2 cos t 
cos t 
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The parametrization 7*(t) of C±oo has poles for 

vr vr 47r TT Svr 47r vr llvr 

and therefore, C±oo consists of four branches (see Fig.Q. For the asymptotes 
of C±oo we find 

lim > 4 i(A) = {{u — 1 , u — 1/2, u) | G M} , 

A —>■±00 


lim Al 2 (A) = {(1 — u, u — 1/2, v) I 1 / G M 

A^±oo 

lim Al 3 (A) = {(1 — u, u — 1/2, —u) \ 1 ^ G - 
A—>■±00 

lim A 14 (A) = {{ly — 1, u — 1/2, —u) \ u G 

A—>■±00 

and from Q for the intersection points, 

lim Xi(A) = fo, a/sV lim Zi(A) = f a/3 , , 0 

A—^ioo ^ y A—^ioo ^ 

lim X 2 (A) = ( 0 , ^ , -VsV lim Z 2 {X) = (-Vs, , 0 

A—^ioo ^ J A—^ioo Y " 

From the parametrization 7 * [t) of C±oo we have 

1 — cos^ t 


( 6 ) 


= tan^ t = 


1 1 

2 / — 7 4 7 

2 cos t 


9 1 + 2 cos t 

= 


cos^ t ’ 2 cos t ’ cos^ t 

By eliminating cost we hnd the following algebraic equations of the projec¬ 
tions of C±oo onto the planes X, y, Z: 

projection onto fb: (y + = 1, (7) 

T: {x'^ - - 2 {x'^ + z^) = 3 , (8) 

Z: (y-i)2-x2 = l. (9) 

Formulas Q and @ are the equations of hyperbolas with center points 
y = —1/2, 2 ; = 0, and x = 0, y = 1/2, respectively. The actual projections 
of C±oo onto X and Z (plotted with thick lines) are part of the respective 
hyperbola. 

Case 4: Ag{—1,2} Ca consists of two branches. For A = — 1, from Q it 
follows that 

lim Afi(—1 — e) = (0, 00 , 00 ), lim Xi{—1 + e) = (0, — 00 , — 00 ), 


s —^0 


£—^0 


lim X2{—1 — e) = (0,00, —00), lim X2{—1 + e) = (0, —00, 00) 


£—^0 


£—^0 


M 1) { ^, 2 ’ 0 ) ’ 


^2(1) { ^, 2 ’ 0) ’ 
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Fig. 4: Projections of C±oo and its 
asymptotes Ak{^oo), k = 1,2,3,4, 
onto the planes X, y, and Z; 
—5<x,y,z<5 



Fig. 5: Projections of C_i .4 and its asymptotes Ak{^)-, k = 1,2, 3,4, onto 
the planes X and 3^; —12 < x,y, z < 12 
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Fig. 6: Projections of C_i onto the 
planes Al, 3^, and Z\ 

-12 < < 12 



Fig. 7: Projections of C_o ,87 onto the planes X and 3^; —12 < x,y,z < 12 
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and for A = 2 


^i(2) 

lim Zi{2 — e) = (— 00 , 00 ,0), 
£->0 

lim ^ 2(2 — e) = ( 00 , 00 ,0), 
£->0 


^ 2 ( 2 ) (o,^, 

lim Zii 2 + e) = ( 00 , — 00 ,0), 

£-5’0 

lim ^ 2(2 + e) = (— 00 , — 00 ,0). 

£-S>0 


Projections of C_i are shown in Fig. The projection onto the plane X is 
the left branch (thick line) of the hyperbola with the algebraic equation 



- 3^2 = 1. 


The equations of its asymptotes are z = ±(y — l/2)/\/3. The projection of 
C_i onto y has the algebraic equation 


- 64^2 = 16 . 


The projection onto Z is part of the parabola with equation x = —3y‘^/8. 


4 The edge of regression 

In the following we denote by TZ the edge of regression of the developable 
surface O (see [TJ pp. 119-125], and Fig. Fig. |^. 

Theorem 2. Fort G Ii, parametric equations of TZ are given by 

sin t — tan t 2 -|- 3 cos t — 3 cos^ t — 2 cos^ t 

x = gi{t) = ---, y = g 2 [t) = — 


6(1 + cos t) cos t 


z = gsit) = ± 


(1 + 2cost)^/^ 


3(1 + cost) cost 

Proof. TZ is the solution of the system of equations 

Q 

fx(x,y,z) =0, f[{x,y,z) :=—fx{x,y,z) = 0, 

92 

fxix,y,z) := ^ fxix,y,z) = 0 

with variable A, see [U pp. 523-524]. Since the touching curve Cx is the 
intersection curve of the quadric Qx and the quadric defined by /)^(x, y, z) = 
0, the parametric functions Ki, K 2 , K 3 of Cx are not only solutions of 

fx{Kl{X,t),K2{X,t),K3{X,t)) = 0 
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but also of 


f'x{Kl{X,t),K2iX,t),K3{X,t)) = 0. 

Furthermore, one finds 

f\{x,y,z) 

3y2(A-l)A-y(2-3A-3A2 + 2A3) ^2 9(A - 1)A 

“ (1-A)3 + (1- A + A2)3 (1-A + A2)3' 

Solving the equation 

/"(Kl(A,t),K 2 (A,t),K 3 (A,t)) = 0 


for A yields 


A = := 


1 + 2 cos t 


(2 + cos t) cos t 
It follows that gj{t) := j = 1,2,3, and 

x = gi{t), y = g 2 {t), z = g^{t). 

Due to the symmetry of O with respect to the plane Z, we also have 
x = gi{t), y = g 2 {t), z = -g 3 {t). 


□ 


Corollary 2. With the system parameter X, the edge of regression is given 
by 


7^ = {rl(A),r2(A),r3(A)|AGM\[0,l]} 

U {-ri(A),r 2 (A),r 3 (A) | A G M \ [0,1]} 

U {-ri(A),r 2 (A),-r 3 (A) | A G M \ [0,1]} 
U {ri(A),r 2 (A),-r 3 (A) | A G M \ [0,1]} , 


where 

V^(A — 1)3 [2 — A + 2p{X)\ A^ + 2A — 2 + (A — 2) p(A) 

--A [2 - A + p(A)l-• - -2A [2 - A + p(A)]- 


’’3(A) 


sgn(A) v^A [2 - A + 2 p("A)J 
2 — A + p(A) 


p{X) = sgn(A) Vl - A + A2 . 


Proof. We consider the function 


(/) : /i —>■ M, t I—)■ (j){t) 


1 + 2 cos t 
(2 + cos t) cos t ’ 


used in the proof of Theorem We denote by (fi the restriction of 4> to the 
interval (—27r/3,0), and by </>2 the restriction of cj) to (0,27r/3). One easily 
finds the respective inverse functions 


*■1 ^(■^) = —arccos 


1 - A + p(A) 
A 


62 ^(A) = arccos 


l-A + p(A) 
A 
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with p{X) := sgn(A) \/l — A + and A G M \ [0,1], hence 


ri(A) := ki(A,(/)/(A)) 


V(A-l)3[2-A + 2p(A)] 
A [2 — A + /^(A)] 


7'2(A) := K2{X,(j)l ^(A)) 


A2 + 2A-2 + (A-2)p(A) 
2A [2 — A + p(A)] 


rsW ■■= «^3(A,(/)i ^(A)) 


sgn(A) y^A [2 - A + 2p(A)J 
2 — A + p{X) 


and 

ki(A,(/>^^(A)) =-ri(A), AC 2 (A,(?i^^(A)) = r 2 (A), K 3 (A, ^A)) = r 3 (A). 

It follows that 


x = ±ri(A), y = r 2 (A), z = rsiX), 

and, due to the symmetry of O with respect to the plane Z, also 

x = ±ri(A), y = r 2 {X), z =-r 3 {X). □ 

Every generating line of a developable surface is a tangent to its edge of 
regression. Obviously, t = and t = 7r/2 are poles of the functions gi, 

§21 03 in Theorem [2j One easily finds 

=m-l, a ;2 (^m,= m - ^ , uislm,= m , 

wi(m, I) =l-m, u} 2 (m,^^ =m-^, ujslm, =m. 


Hence, using abbreviated notation, the four asymptotes to TZ are 
All = {{m — 1, m — 1/2, m) | m G M} , 

AI 2 = {(1 — m, m — 1/2, m) I m G M} , 


( 10 ) 


AI 3 = {(1 — m, m — 1/2, —m) | m G M} , 

AI 4 = {{m — 1, m — 1/2, —m) | m G M} . 

If the intersection point of the asymptotes j and k exists, we denote it by 
Sjk and find: 

5i 2 = (0, A, 1) , 523 = (1, -i, 0) , 534 = (0, A, -1) , 541 = (-1, "i, O) . 


Note that 5i2,534 G ks, and 523,541 G kA- 
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Fig. 8: Projections of TZ and its asymptotes Ak = k = 1,2, 3,4, 

onto the planes X and y, —2.5 < x,y,z < 2.5 


Comparing Eqs. (^6^ and (10) we find: 


Theorem 3. For A G M \ [—1,2] and k G {1,2, 3,4}, the asymptote Alfc(A) 
of Cx tends to the asymptote Ak of TZ if X ^ ±oo. 


Co and Ci are double circular arcs of Qo = and Qi = ks, respectively, 
with Cq, Cl C O (see Fig. [^. TZ has cusps in the four endpoints of the double 
curves Cq, Ci (see [5l p. 206]). Cq has the endpoints 



Due to the symmetry of O, the endpoints of Ci are (0,0, —\/3/2), (0,0, x/3/2). 


5 The self-polar tetrahedron 


Theorem 4. The faces of the common self-polar tetrahedron V of the in¬ 
scribed quadrics Qx are formed by the planes 


= |(xo,Xi,X2,X3) G P3(C) 
Xs = |(a;o,xi,X2,X3) G P3(C) 


xi = 0 
X3 = 0 


}. 

}. 


Xl = < (xo,Xi,X2,X3) G P3(C) 
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2^2= < (xo,Xi,X2,X3) e IP3(C) 



The vertices ofV are the ideal points X^o = [0,1,0,0] and Z^o = [0,0,0,1] 
of the x-axis and the z-axis, respectively, and the points 





1, 0, — 1, 0 

, Q = 

- 1 

0 

■ 1 

1 

o' 

1—1 

_ 1 


Proof. In a tangential system of quadrics there are four which degenerate to 
conics, and their planes are the faces of the common self-polar tetrahedron 
O pp. 205], [ 6 l p. 254], Q\ degenerates to a conic if one of the denominators 
in f\ixo,xi,X 2 ,X 3 ), see 0 , vanishes. 

For A = 0 it follows that = 0, and therefore the plane AI 3 delivers the 
first face of the tetrahedron V. For A = 1 we have xf = 0, and hence 
is the second face of V. The two remaining faces follow from the equation 
1 — A -|- A^ = 0. Its solutions are 


Ai = ^ ^ i and A 2 


1 \/3 . 

2~ 


So we have 






= 0 , 






= 0 ; 


hence the planes Xi and I 2 are the third and fourth face of V. The vertices 
of V are the intersection points of the respective planes: 


Xi n T 3 n ii — P , n T 3 n X 2 — Q , 

T 3 n Xi n X 2 = Xoo , Ti n Xi n X 2 = Zoc ■ n 


The degenerate quadrics Qo and Qi are the circles kA and ks, respectively. 
For the degenerate quadrics Qai j Qx 2 find the equations 


f\i{x,y,z) = 

f\2{x-,V,z) = 


1 _ X3 ; 

2 2 


i+f i 


+ 


+ 


i+fi 


1 _ ^ i 

2 2 


-1 = 0, 


-1 = 0. 
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Qai and Q\^ can be considered as ellipses with complex lenghts 

1 \/3 1 a/3 

—I- 1 and- 1 

2 2 2 2 

of their semi-axes, and respective center points 

^0; ^ h 0^ and ^0, h 0^ . 

Note that these center points are the vertices P and Q of V in non homo¬ 
geneous coordinates. 


6 Common generating lines of Qx and O 


Only two of the conic sections Qq, Qi, Qai, Q \2 are real. Therefore (see 
O p. 206]), the quadrics Qx are divided into two sets; one of these sets 
consists of ruled surfaces, each having four common generating lines with 
the developable surface O. Clearly, these ruled surfaces are the one-sheeted 
hyperboloids Qx, A G M \ [0,1], and the hyperbolic paraboloid Q±oo- 

Theorem 5. (i) For fixed value of X G M\[0,1], the four common generating 
lines of the one-sheeted hyperboloid Qx and the extended oloid O are 

GiW = X),ui 2 {m, X),ui 3 {m, A)) | m G M} , 

^ 2 (A) = {(-a;i(m, A),a; 2 (m, A),W 3 (m, A)) | m G M} , 

^ 3 (A) = {(-a;i(m, A),a; 2 (m, A), -a; 3 (m. A)) | m G M} , 

Ga{X) = {{dji{m, \),ui 2 {m, A), A)) | m G M} , 


with 


wi(m. A) = (1 — m) 


a/(A — 1)(2 — A -I- 2p(A)) 
-|A| 


,A-2-2p(A) 2 X-l-p{X) 

= -' + -"- r+7(ATf 

sgn(A) x/ A(2 — A -|- 2p(A)) 


uj 3 {m, X) = m 


1 -h p(A) 


where p{X) = sgn(A) x/l — X + . 

(ii) ^i(A), 02(A), 03(A), 04(A) are the tangents to TZ, and to Cx, in the 
respective points 


-Pi(A) = (ri(A),r 2 (A),r 3 (A)), P 2 (A) = (-ri(A), r 2 (A), r 3 (A)), 

P 3 W = (-n(A),r 2 (A),-r 3 (A)), P4(A) = (ri(A),r 2 (A),-r 3 (A)) 
with rj{X), j = 1,2,3, according to Corollary^ 
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Proof, (i) As already known, the parametric equations of the generating 
lines of O are 


X = uji{m, t) 

y= uj 2 im,t) 
z = ±C(J 3 (m, t) 


(1 — m) sint, 

f ^ \ cost \ 

^ \ 2 J \2 l + costy’ 

m \/ 1 + 2 cos t 
1 + cos t 


Substituting x = uji{m,t), y = uj 2 {m,t), z = uj 3 {m,t) in fx{x,y,z) = 0, and 
solving this equation for t, we find 


t = ±t(A) with i{X) = arccos 


1 - A ± Vl - A + A2 
A 


Since we are only interested in real solutions, we can write 

l-A + p(A) 


t{X) = arccos ■ 


A 


with the function p from Corollary It follows that 

\/(A — 1)(2 — A + 2p{X)) 


±t(A)) = zb(l — m) 


|A| 


( 11 ) 


. ,X-2-2p{X) 2X-l-p{X) 

±i(A)) = (1 - m)-^ 3 ^-+ m 

sgn(A) x/ A(2 — A + 2/?(A)) 


i 03 {m, ±t(A)) = m 


1 + pW 


We put Uj{m,X) := ujj{m, —i{X)), j = 1,2,3. This yields ^i(A) and ^ 2 (A). 
Due to the symmetry of Qx and O with respect to the plane Z, the lines 
^ 3 (A) and 04 (A) follow. 

(ii) The tangent 


Tx{t) = {(ri(A,t,/i), T2{X,t,p), T3{X,t,p)) I /r G M} , t £ h , 


to Cx, see (§, is a generating line of Qx for all values of t that are solutions 
of 


f\{Tl{X,t,p),T2{X,t,p),T3{X,t,p)) = 0. 


One finds t = ±f(A) with i{X) from At first we consider only t = —i{X). 
Calculation shows that 


Kj{X,-i{X)) = rj{X), j = 1,2,3. 

Hence, the tangent r(^)(A) := Tx{—i{X)) touches Cx in the point T’i(A) = 
(ri(A),r 2 (A),r 3 (A)) G TZ. According to [H p. 489], T(^)(A) is equal to the 
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tangent to IZ in this point. The common generating lines are tangents to 
the edge of regression O p. 206]. Thus one finds 

Zjj{m{X),\) =rj{X), j = l,2,3, 


for 


m(A) := 


1 + P(A) 

2 — A + p(A) 


It follows that = ^i(A). Due to symmetry with respect to the planes 

X and Z, with fj(A,/r) := Tj(A, —i{X),iJ.) we also have 

r(2)(A) := {(-fi(A,/i), f2(A,/i), f3(A,/r)) | /r G M} = g2(A), 
r(^)(A) := {(-fi(A,^), f2(A,/i), -f3(A,Ai)) | /i e M} = g^{X ), 
r('^)(A) := {(fi(A,^), f2(A,/r),-f3(A,/r)) I/i E M} = G^iX). □ 


As an example, Fig. shows the common generating lines ^i(4), ^2(4), 
^ 3 ( 4 ), 04 (4) of Q 4 and O. 


Corollary 3. The four common generating lines of the hyperbolic paraboloid 
and the extended oloid O are equal to the common asymptotes of the 
edge of regression TZ and the touching curve C±oo • 

Proof. From Theorem]^ one finds 

lim a;i(m, A) = m — 1, lim a; 2 (m, A) = m-, lim uj^{m,X) = m, 

A—^icxD A— 2 A—^ioo 


thus 


0i(±oo) = {(m — 1, m — 1/2, m) I m E M} , 

02(±oo) = {(1 — m, m — 1/2, m) | m E M} , 

03(±oo) = {(1 — m, m — 1/2, —m) | m E M} , 

04(±oo) = {(m — 1, m — 1/2, —m) | m E M} . 


Now, the result follows from Theorem with Eqs. (10). 


□ 


7 The development of O 

Now we consider the development of the extended oloid O onto its tangent 
plane E. For this, we define a cartesian r/-coordinate system in E as 
follows: Let E touch O along the generating line 

£0 = 0), a; 2 (m, 0), | m E M} 

(see ([^ and the proof of Corollary [^. Then £0 is the rj-axis, and the line 
perpendicular to £0 in the point m = 0 is the ^-axis. 
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Any curve C C O is developed onto a plane curve C* <Z E. A parametrization 
of C* with the arc length t of the double circular arc Cq as parameter can be 
obtained from the vector transformation in [21 p. 114, Theorem 4]. In the 
following for abbreviation we put c = cost, s = sint. [-J denotes the integer 
part of •. 

Theorem 6. The development of the touching curve C\ onto E is the curve 


Cl = {{Kl{X,t), 4{X,t))\tGR} 


with parametrization 

K\{X,t) = sgn(t) 
K*2{X,t) = K2{X,h{t)), 


^ , 1 

47r 2 


dvr 

3\/3 


+ sgn(/i(t)) ■Ki{X,h{t)), 


where 


Kl{X,t) = 


2v/3 / 


V2c (1 - 2A) |s| J2(l + 2c)' 
arccos + 




\/rT^ 


(1 + Ac) 1/1 T c 


%/3 


« 2 (A,f) = — In 


1 + c 


+ 


4 + 7A + (llA-4)c 


h{t) = t — sgn(t) 


3|t| 1 

DT 2 


1 + Ac 
dvr 

’ Y ■ 


Proof. Substituting X = Ki(A,t), y = K 2 {X,t), z = —Ks{X,t), see Corollary 
in the vector transformation [21 p. 114, Theorem 4], a straight-forward cal¬ 
culation delivers 


^ = ki{X,t) = 


2\/3 


arccos 


V2c {1 - 2X) s y/2{l + 2c)' 


VT 




(1 -|- Ac) \/l + c 


rj = k 2 {X,t) 


Vs/, 2 4-7 7A-h (llA - 4)c 

— I In-“h- 

9 V 1 + c 1 + Ac 


k 2 {X,t) is valid for t £ Ii (see (§)• The periodic continuation of k 2 {X,t) 
yields KVX,t), valid for f G M. 

ki(A, t) is valid only for t G [0, 27r/3]. The restriction of ^^(A, t) to t G Ii 
must be an odd function. Replacing sint by |sint| in ki{X,t), we get the 
even function ki{X,t), t G Ii. Now, K^(A,t) := sgn(t)-Ki(A,t) is the required 
restriction of Kl{X,t). We get 


K^(A,27r/3) - 4(A,-27r/3) 


dvr 
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and therefore, using the step function 

3|t| 


sgn(t) 

we have found K^(A,t), valid for t G 


1 

47r 2 


dvr 


□ 


For A = 0 we have 


. ^ 2^/3 f 

I 

^ 2 ( 0 , t) = 2^ ( In 


V2c |s| ^ 2(1 + 2 c) 
arccos + 


9 


\/l 4“ c 


+ 4(l-c) . 


\/l + c 


1 + c 

The following manipulation of the second term in the brackets of 
I sin t\ \/ 2 (l + 2 cost) 2 I sin II I cos | I \/ 2 (l + 2 cost) 


\/l + cost 


= ^/2 


sm - 
2 


\/2 cos 2 | 

\/ 2 (l + 2 cost) = — cos t) 72 ( 1+2 cost) 


= 72(1 + 2 cost)(l — cost), 

shows that we have obtained the resnlt of [21 p. 108, Theorem 2], For A = 1 
we get 


ki(l,t) = 


273 


73 


arccos 


72 c _ |s| 72(1 + 2 c)' 

71 + C (1 + c) 3/2 


k2(l,t) = — ( In 


+ 


11 + 7c 


1 +c 1 +c 


This is the result of [21 p. 112, Theorem 3]. For A = 1/2 we have 

~ /"I /o ^ 72 c 

Ki(l/ 2 ,t) = —-—arccos 


71 +^’ 


K2(l/2,t) = ^ ( In 


3(5 + c) 


1 + c 2 + c 


+ 


which is the result of [21 p- 115]. Examples with A G [0,1] are shown in 
Fig. [9} 

For A —)• ±00 (see Fig. 11 and Fig. 13) one easily finds 


~ /X N 273 
lun Ki{X,t) = —— 
A^ltcxD 9 


arccos 


72 c 2 lsl 72(1 + 2 c)' 


T!?co"^(^'*) = wl‘"yTv 


71 + c c7l + c 

7 + 11c' 

H- 
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Fig. 9: The curves C^, A = 0, 0.1, 0.2,..., 0.9, 1 


As further examples, the curves C* q 5 and 5 are shown in Fig. 10 and 


Fig. 12 


After substituting 

sint —tant 2 + 3cost — 3cos^ t — 2 cos^ t 

x = gi(t) = ---, y = 92{t) = — 


6(1 + cost) cost 


2 = gsit) = - 


(1 + 2cost)^/^ 

3(1 + cos t) cos t 


(see Theorem]^ in the vector transformation [21 p. 114, Theorem 4], analo¬ 
gous steps as in the proof of Theorem result in the development TZ* of the 
edge of regression TZ. We state the result in the following theorem. 

Theorem 7. The development ofTZ onto E is the curve 

TZ* = {{gl{t),g*^it))\teR} 

with parametrization 

■ 31 


g*i (t) = sgn(t) • 
52 W = h{h{t)) 


1 

47 r "^2 


47r 

3v/3 


+ sgn{h{t)) -hiHt )), 


where 


hit) = 


2V3 I 

9 I 


arccos 


V2c (2 + 2 c-c 2 )y/ 2 (l + 2 c)|s| 


\/l T c 


3c (1 -|- c)3/2 


- / X \/3 A 2 
02 (t) = - 1 In- 

^ ^ ^ 9 V 1 + c 


-h - 


7+ 2,2,0 + ISc^ - 4c" 


3c (1 -|- c) 


7Z* is shown in the Figures [T^ [T^ [T^ 


25 




















Fig. 10: C 1 q 5 (thick, dashed), CJ ‘5 (thick), TZ* (thin), Cq, 0 < t < 27r/3 



Fig. 11: C^oo (thick), TZ* (thin), Cq and (dashed); 0 < t < 27r/3 
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Fig. 12: C*Q 5 (thick, dashed), CJ ‘5 (thick), Cq and (thin, dashed) 
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